Our intent is to develop a 2D axisymmetric code for gravitational collapse. Several people have, of
course, done this in the past. One of the most promising approaches was that pioneered by Nakamura and
his collaborators. The theoretical framework they used was one based on work by Geroch and which they
called the (2+1)+1 decomposition. The basic idea is to divide out the symmetry and perform a foliation of
the resulting 3 dimensional manifold a la ADM. In the hopes that this will be a useful introduction to this
formulation and the resulting equations, we will try to develop all of the machinery ab initio.

To begin, let us assume that we have an n + 1 dimensional manifold. (We will be interested of course
in the case that n + 1 = 4, but we can do things somewhat generally at this point.) We also assume the
existence of a Killing vector

E= o,
2
where we have let the coordinate z"*! = . For definiteness and in anticipation of our (2+1)+1 reduction
in the presence of axisymmetry, one can think of this Killing vector as being spacelike and possessing closed
orbits. For the moment, however, we will consider a slightly more general case, namely that the Killing
vector is only non-null.
We want to divide out the action of the Killing vector. In mathematical parlance (and in the particular
case that the Killing vector is spacelike with closed orbits), we are interested in the quotient space

M/S?

where S' represents the topology of a circle. From a practical point of view we construct this space by
projecting onto an n dimensional manifold. To this end, we define the projection operator (which will
become the metric on the quotient manifold)

Juv = Yuv — %X,,Xu
where 7, is the metric on the n + 1 manifold, X* = 44, is the Killing vector field and
X*X, = ks’
is the norm of the Killing vector and x = +1 depending on whether it is spacelike or timelike respectively.*

The inverse of this operator is

1
g = - S XX

We want to construct the relevant quantities on the n + 1 manifold in terms of n dimensional quantities.
First, we make the following definitions:
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A, = w  Fuw =04, —0,A,.

We can write the metric on the n 4+ 1 manifold as

_ [ Gab + l‘éS2AaAb S2Aa
’hw - SQAI, 32

Using these relations, the connection beomes
+1)PA A A
(n )FI“’ — (")I‘W + HQW
= (D), + 2520 [A, Fuo + AuFug — 0y (In %) A, A, ]
+ gAA [0,(sA,) + 0, (s°4,)] .

* We will use Greek indices such as u, v, A, ... to run from 1 to n+ 1 and lowercase Latin indices such as a, b,c, ...
to run from 1 to n. When we apply the ADM formalism to our n dimensional manifold, we will use uppercase Latin

indices such as A, B,C,... to run from 1 to n — 1.



It is worth mentioning that the metric v,, lowers indices and y*¥ raises indices. As a result, a useful identity
in deriving the following is

g A, =0.
A few other handy identities are*
AYA,, =0
A¥9,(logs?) =0
AF,, =0.

The n + 1 dimensional volume element can be written
V=T = V7.
This can be got from the relation
(n+1)1"l‘:,j =0, (Inv/—7).

The Ricci tensor can be written
R, = MR, + £ MV, — £ MV,Q0 +Q),0x(ns) — ),

where (")V, is the covariant derivative on the n dimensional manifold and we have used Q7, = 9 (Ins). We
now want the components of (”“)Rw in terms of the n-dimensional quantities. Expressed in terms of the
n dimensional fields, these become

(n+1)R<P<P = 1 ZS4Fchbc — KS (")V“ (n)VaS
(D Ry = o 5z V(8 Fae) + Aq [—341«“,, Fhe — gs(Mye (")Vas]
(DR, = (“>Rab LY, 0Ty - B Ry
- = <")vc [8°Fuia] Ap) + AgAp [ s Fy FP° — ks (MV° (")Vas] :
The Ricci scalar is found to be
() — (MR _ 2(mye )y, s istchbc‘
s
which in the absence of matter is consistent with contracting on (™) R,; above and using the other equations.
Everything up to now has been relatively general. Let’s now choose n+ 1 = 4 and assume axisymmetry
(k = 1). The theory we want to consider is Einstein gravity coupled to some fundamental matter field. An

example of the matter would be the harmonic map model. The existence of the axisymmetry motivates our
use of the Kaluza-Klein like reduction. The action for this theory is then given by

s=[ari{a - o)

where f is a complex scalar field and k is now not the same as before (that Kk = 1 since we are assuming a
spacelike Killing vector), but parameterizes a family of theories. The equations of motion for this are

G = 81GT),
8rG . X
TR CARRACAC A U]
—26f*
w __—<kJ o
VEVLf l—fc|f|2V"fv f.

* Note however that A, A" , # 0.



We can also write the Einstein equations a bit more succinctly as

811G
(1 —&lf?)?
where we have changed notation slightly and are now using V, as the covariant derivative on the 4 dimen-

sional manifold with the metric v,,. Assuming axisymmetry for the system and that our prior reduction
holds, we have

R/_w = (vufvuf* + vuf*vuf)

1
D®Das = 75 Fp '™
D(s*F,.) =0

1 1 &G
Ry, = ~DyDys + =52 F, Fy° + — 2 (D, fDyf* + Dy f*D
b= bs + 58 b +(1—n|f|2)2( IDyf* 4+ D, f* Dy f)
DD f = —1D,sDof — _2F D, fD%f.
s 1= IfP

where D, is the covariant derivative on the 3 dimensional manifold which possesses the matric g,;. Note
that in the reduction from 4 to 3 dimensions the D’Alembertian of the field f in 4 dimensions picks up a term
involving s. Using our earlier relations, this is straightforward to show. The covariant derivative (gradient)
of f in 4 dimensions reduces essentially unchanged to 3 dimensions since it is just partial differentiation and
we assume there is no dependance of f on .

We can simplify these equations a bit further for our choice of the matter fields. The second equation
defines locally a potential field w according to*

$2F,p = —€gpeDw.

We can now make the following simplifications
1
FachC = S_G(Daw-wa - gab(Dw)z)

2
FopF = —S—G(Dw)2
Also, the above divergence equation is now replaced with
D,D%w = §D,,sD”w.
s

This follows from the identity D[, Fy;) = 0. Note that we could do this only because of the nature of our

choice of matter fields. For instance, Nakamura et al are unable to make this simplification because their use

of perfect fluids as their matter yields a “source” term on the right hand side of their divergence equation.
Rewriting our equations in terms of this potential field w, we have

1 2
DaDaS = —ﬁ(D’U})
D,D%w = §D,,sD”w
S
1 1 &G
wb = —DaDys + — (DywDyw — gap(Dw)?) + ———— (DufDpf* + Dof*D
1 26 f*
D.Dof = —Lp,spif— —2% _p spay.
s 1—&l|f|?

* w is also called the twist potential or the scalar twist of a Killing field. It is defined in Wald 7.4 as the function

such that

b d
Vaow = we = Eabcdé~ ch

where £ is a Killing vector field. One can verify that indeed this is true in our case. [up to a constant factor of 2 I
think]



Note a couple of things about these equations. One is that the field w never appears, only its derivatives.
Also, in the case w = 0 (no rotation), we can define a field ¢ such that s = e?, and in this case, ¢ does not
appear anywhere, only it’s derivatives. I mention this because I was under the impression that numerically
this property is sometimes a “good thing.” If not, I await being corrected.

Now we want to do the standard ADM reduction of the 3 dimensional space and consider the extra
fields we have as essentially matter fields. Taking our nonlinear sigma model as an example we would then
have in the 3 (or 2+1) dimensional space a complex scalar field f, and two real scalar fields s and w. These
are coupled to each other in non-trivial ways, but nevertheless, we can think of them as simply matter.

The 241 decomposition proceeds as one would expect. We decompose g,p as

do? = gapdzdz® = —a2dt? + hap(de? + Adt)(dz® + pBdt)

where a is the lapse and 34 is the shift vector. The indices A and B now range over 1 and 2. The metric
Jgap Ccan be written with the parameterization

_ (—a2 + happapE hABﬂB>
Gab hapBA hap

where we will use the parameterization

P a? +a?h’c?  a®b’c
AB = a’b’e a’b?

There are various gauge choices we could make, but we will try to keep things somewhat general for the
moment. We make the usual definitions. We define a timelike vector n® and the extrinsic curvature K, =
Ky, = —Dgnp. The usual matter quantities are defined
p = ngny T
jA = _naTaA
Sap =Tanp

with the 2-metric hap and its inverse lowering and raising indices in the 2 space.

The evolution equations for the 2 dimensional metric h4p and the 2 dimensional extrinsic curvature
K 4p can be written in a form analagous to the usual form, namely

Othap = —2aKap + AafB + ApfBa
O Kap = (B°AcKap + KacApB® + KpcAaBY)
+o[KKap + PRap] — 2aKacKg® — ApApa —a®Rap
where we have now defined n, = (—,0,0) (and hence n® = 1(1,-3',—4?)) and the covariant derivative
on the 2 dimensional surfaces to be A 4. This derivative, of course, is with respect to the metric h4g. Our
task now is to express the remaining 3 dimensional quantities, such as 2R4p above and D,D®%s, in terms of
fields on the 2 dimensional slicings. To this end it is useful to quote some useful relations between the two
types of dimensional quantities. One can show
ha®hp’DoDys = AyAps + (n%0,8)Kap
DosDw = AgsA%w — (n8,s)(n’dyw)

where (in something of an abuse of notation) we mean what we say in all the above. Namely, the indices A

and B range over 1 and 2 while a and b range over 0, 1, and 2. The point is that those terms which include
the sum over a and b indices include time components.
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In addition to the reduction of our s and w fields, we also need to know how the “real” matter goes
from 3 to 2 dimensions. To this end, consider only the matter part of 3R,;. In the slicings, it is given by

1
3Rr4ngt = 81G [SAB - ihABT:|

where T is the trace of the (4-dimensional!) stress tensor and can be written as
T= ’YaﬁTaﬂ

1
= [haﬁ — NgNg + S—2XaX5]Taﬂ

1
:S—P+S_2T<p<p

Note that for the particular choice of the nonlinear sigma model as our matter, the final line above is equal
to 2T,,/s%.

Okay, so let’s write out these equations. The wave equations for the fields s and w can each be
decomposed into two first order equations given as follows

Oy — ﬂABAs = —asy
Oix = B40ax = == DaAs +ax(K +)

1

+ %(u2 — A qwAw) — “hABd50pa
2s S

Oyw — ﬁA(?Aw = —qu

Oyu — fA04u = —aA A w + au(K — 3))
+ 3?O[AASAAUJ — h4B wdpa
where we have made the definitions 1
X =——-n%0,s
s
u = —n*dw
The time evolution of the extrinsic curvature is now
0K ap = (B°AcKap + KacApB° + KpcAaB°)
+a[KKap + P Rap] — 20K cKp® — AxApa
— %AAABS + aKapx — 2%94 [AA’IUAB’U) — hAB(ACwACw — u2):|

1 1
—8&8mGa |Sap — §hAB(S —-p+ S—2T<pq,)

Raising one index on the extrinsic curvature and simplifying the shift vector terms, we can write this together
with the evolution of the 2-metric as

Oihap = —20K ap + hpc0aB° + hacdpB° + B°Ochas
O KAP = KcP0aB° — Ks®0cB® + B0c K A"
+a[KKs® + ORAP] - AyABa
[AAwABw — hAB(ACwACw — u2)]

a
2s4

1 1
—81Ga |SaP — 5hAB(S =+ 5Tpp)

— gAAABS+01KAB)<—
s
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Let us now consider the constraint equations. They stem from the Gauss-Codazzi relations. For the
embedding of a two dimensional surface in a three dimensional space, they are

ZR_Kabea+K2 — 3R+23Rabnanb
ALK — A K = —3R.qnhy
where 2R = 2R ph?P and K = K ,gh”®. Written out these equations become respectively,
2 1
AR _KARKB,+ K2 = g(AAAAS —sKx) + 2—4(AAwAAw +u?) + 167Gp
s
1 1
A K2 — ApK = Apx + gaBSX — ;KBCOCS + 211,?63111 + 871Gjp
I have tried to follow Nakamura fairly closely in this and now seem to have agreement with his group’s work.
We can write out now some of these quantities in terms of the metric functions

AAAAU) = % {61 [b(81w — Caz’IU)] + 82 [—bc(@lw — C@zﬂ)) + %8211)] }

AygsAAw = ai {(813 — ¢028) (O1w — cOsw) + b%@gs 8211;} .

2

Okay, so let’s write out all the equations in all their scalar and to-be-differenced glory. Before any
coordinate conditions or slicing conditions are imposed, we have 12 evolution equations and 3 constraint
equations. The equations for the “pseudo-matter,” (the scalar fields s and w) are

Oys — 1015 — 320y = —asx

dx — Brox — B20ax = —ﬁ (O1ps — cOaps — PsOac + Dags) + ax (K + X)

a 9 1 9 9 1
+ g (u - p(pw + Gu )) - E(paps +QaQS)

dyw — BLo1w — F2Ow = —au

Opu — B 01w — FPOou = —% (O1Pw — CO2Pry — PO + Daqyy) + au(K — 3x)

Ja 1 1
+ ??(pspw + quw) - E(papw + anw)

where we have made the convenient definition of the auxiliary variables
pr =b(01f — cOa2f)
1
= -0
@5 =3 b f

The subscripted f merely denotes what scalar function is being operated on. The equations for the evolution
of the 2-metric functions are

1
~(0a = B'da— D) = —% (K11 — 2¢K 15 + cKs3)
+ 018" — ¢ 8" — b2c(B 01+ B2D:c)

1 1
E(th — B'01b — B%0:b) = ;1—2 (Ku —2cK13 + cKyy — b—2K22>
+c0y8' + 058% — 018" + cO2 8" + b2c(B' B + B2Da0)
2

6tC — 2ﬁ1610 — 2ﬂ262c = (—K12 -+ CK22)

a2b?

1
+ (018" — c02B8") + 01 8% — 828" + b—232ﬂ1
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and the equations for the evolution of the extrinsic curvature are
1
(8, — B0, — BPR)K " = K»'018° — K\ *0:8" + « [Kll(K +x)+ Ry’ — EA1AIS]
a
—AjAla — 25ia? [prw —qu’ + UzGQ]
L1 1
—8rGa |51 — 5(5 —p+ 8—2TW)
1
(8 — B'01 — B?D0)K2® = K\*0:8' — K»'018% + « |:K22(K +x) + 2Ry? — EAQAQS]

o
5z P’ = CQuPw + u’d’]

— AyA’a —

1 1
— 8rGa [511 - 5(5 —p+ 8—2TW,)]

Let us review what it is that we have done up to this point. We have started with GR coupled to a
general matter field and assumed the presence of axisymmetry. We have divided out the axisymmetry and
considered the resulting 3 dimensional theory. Then we have split time and space according to the ADM
prescription. The resulting equations are 2 first order in time equations describing the scalar field s, 3 first
order in time equations for the 3 dimensional “electromagnetic field,” 3 first order in time equations for the
evolution of the 2-metric, 3 first order in time equations for the evolution of the 2 dimensional extrinsic
curvature and 3 constraint equations (Hamiltonian and 2 momentum constraints). To this point we have not
made any coordinate or slicing conditions. In fact, we have yet to even choose a complete coordinate system.
With regard to the latter point, we have chosen a time coordinate ¢ for the 241 split and a coordinate ¢
(ignorable) adapted to our assumed axisymmetry. This seems to me about as general as we can be at this
point. But in the following section, we will see that we have to start making some choices, particularly with
regard to the choice of coordinate system — the regularity conditions would seem to demand it.

Regularity Conditions

I think I finally have something of a handle on the regularity conditions. The basic idea follows the
review article by Bardeen and Piran and looks to adapt the Nakamura method to it. Bardeen and Piran argue
that regularity can be enforced by demanding that locally, near the axis (r ~ 0), the Cartesian components
of any tensor or vector can be expanded in non-negative powers of the Cartesian coordinates z,y, z. After
finding the behavior near the axis, we transform back to our adapted coordinates and the near axis behavior
can then be expressed in terms of our chosen coordinate system. Since we are enforcing what is in some
sense a physical condition, we must work with the quantities on the full four dimensional manifold. The
invariant way to define this is

LY =0

where ¢ is the Killing vector in Cartesian coordinates near the axis and Y is any tensor quantity. We can
write the Killing vector as

0 0
+

&= —y% oy

Taking the Lie derivative of a scalar quantity ¢(t,z,y, z)

9 , 09 _
y6m+$6y_0

shows us that ¢ = ¢(t, 22 + 32, z). This is of course no surprise as we would expect no dependance on .
As another example of this method, consider a vector n® with the Lie derivative acting on it along the
Killing vector. The equation for this is

&nPa—n"fa=0
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which written out in components yields four equations
—ynt,z + wnt,y =0
—yn* e tan®y = -’
-y’ +an? y =n°
=y +an’ y =0.

The solution to these equations yields

77t =0
n° =2xg2 — ygs
nY =xgs +ygo
N = ga

where the g; are functions of ¢, 22 + y?, and 2. Transforming back to cylindrical coordinates (for example)
using
w_ ox'*
=

v

we find

1" = gi(t,r%2)
N =rgs(t,r?, 2)
n° = galt,r?, 2)
1% = ga(t,r?, 2)

where the g;’s are expandable in non-negative powers of the arguments.

We can do the same thing for a general tensor Y),,,. For simplicity, we will assume that Y),, is symmetric.
The equation for the Lie derivative on this tensor along the Killing vector is given in Bardeen and Piran as
well as the resulting spatial equations written out in the Cartesian coordinate system. Let’s go ahead and
reproduce these equations together with those for the time components. The covariant equation is

YHV7>\€>\ + fx,uYAV + gA,VYAu =0
where in terms of components we get

yY;ﬁt,z - xY;ﬁt,y =0
mea:,z - 'Z'Yzz,y = 2Yzy y}/;z,z - mYzz,y =0

yy;fz,z - :L'}ftw,y = Y;ﬁy
YYyye —2Yyyy = —2Ysy Yoo = 2Yo0y =Yz

yyvty,z - mY;ﬁy,y = _thz
way,a) - mey,y = Yyy - Yzz y)/;y,w - mYzy,y = _Yz:c

yy;ﬁz,z - -'I:Y;Ez,y =0

The solution can now be found in terms of ten independent, regular functions f; (with ¢ = 1...10)
which depend only on ¢, z? + y? and z.

) Yie = fr
Ym=f1—2$yf2+y f3 Y:zzzfzi
2 Y;E:c :$f8 _ny
Yyy = f1 +2zyfo +2° f3 Yo =2fs —yfe
9 9 Yiy =yfs+zfo
Yoy = (2" —y°) fa — 2y fs Yoy =yfs +zfe
Y. = fio

We now want to transform to the coordinates we would like to use. However, we can still keep things
a bit general. We want to make a coordinate transformation from (t,z,v,z2) to (t,z',z2,¢) with ' and
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22 being “arbitrary” curvilinear coordinates near the axis. The general coordinate transformation can be
written in a suggestive notation as
z =7(z', %) cos @

with the inverse transformation, of course, assumed to exist. The problem with any coordinate system
involving the cyclic coordinate ¢ is now fairly clear. At any points where the function #(z', z2) goes to zero,
the transformation becomes multi-valued since ¢ can take on any value between 0 and 27. This occurs, of
course, on the axis of symmetry and is the reason for our interest in the regularity conditions.

Using the usual transformation law,

, _ Oz* 02°
w dgie 9gv N

we find after expanding that

Yie=fr
Y;Sga = F2f9
Y<p<p = szl + f4f3
_or 0z
Yiza = T(.%—Afs + ax—AflO
o 0% 3 OF
Yopu = TQ&U—AfG + T3&E—Af2
oF OfF 0z 0z
Yoazn = OzA OzB hit Ox4 OB fa
7 or 0z N or 0z
"5\ 55A 9B T 9B 0zA |

At this point, we have to make a choice in the coordinate system which we will use. We will choose to use
cylindrical coordinates from here on out: 2! = = # and 2% = z = Z. Another curvilinear coordinate system
that might be interesting to consider would be spherical polar coordinates: (z!,z?) = (r,6) and ¥ = rsin#,
Zz = rcosf. This is what Bardeen and Piran use, for example. Their transformations follow from our above
equations. Given this general form of the transformation, though, we could also consider oblate or prolate
spheroidal coordinates if we were ever crazy enough to do such a thing.

So, transforming the Cartesian spatial components to cylindrical coordinates and equating this tensor
with 7,, allows us to determine the small r behavior of the full 4-metric. The transformation allows us to

equate

Yrr = Grr+ 32A7'Ar = fl , Yop = 52 = 7'2f1 + 7'4f3
Yz = Gret+SAA = rfs Y = gu+sPAA = Ir

Tro = s A, = 7‘3f2 ) Yer = Gir + s*AA, = rfs

Yzz = Gzzt $2AZAZ = f4 3 Ytz = Gzt 32AtAz = f10

Yzp = 52Az = rzfﬁ > Yo = S2At = T2f9

We can now untangle all of these and determine the behavior of the relevant quantities for small r

s grr = Co
AZ%C() Atﬁog
gzzzcl gtz%04
A.~r Jir T

grz =T git = C5



where the C;’s are “constant” with respect to r but will in general have t and z dependance. Using these
relations, we can find the small r behavior for our particular parameterization of g,

G2NC(5
b2NC7
cCRT

BT~

p* =~ Cs

where again the C;’s are arbitrary functions of ¢ and z.
We must also consider our potential function w. It is effectively a replacment for our A4,. Using the
definition

1
Ow = gsgeabcgbdgce (adAe - 6eAd)

we find that near r =0

w R co +rFi(t,r, 2)

with ¢y a constant real number independent of ¢ and z and Fj a regular function of its arguments. Without
any loss of generality, we can set ¢o = 0 since only the derivatives of w appear anywhere in our equations.

We must also consider the small » behavior of the components of the extrinsic curvature. To do this,
we first need the relation between the “usual” extrinsic curvature *K,, which comes from the ADM 3+1
prescription and the extrinsic curvature we have defined here 2K, in the (2+1)+1 formulation. One way to
examine this is to reverse the order of our decomposition. We first divided out the Killing vector X* and
then split space and time. We could instead do the usual thing and perform the ADM split first and then
consider the presence of the axisymmetry. In terms of the metric we would have

1
Yuv = Guv + S_ZX“X”
1
= hy —nyun, + S—2Xqu
=Huyw —npny

where we have defined the unit normal n, and a new purely spatial 3-metric #,,. The relevant relation can
then be found as decomposing *K,,,in terms of 2Ky,

K = —Vun,

= —H,*H,PVang
QKW — sQA(MF,,)anO‘ - 52AuAux.

This can be found in Nakamura’s review article. The easiest way to verify the last line is to work backwards
from it using the definitions we have made earlier.

Using our prototype tensor Y,,, the behavior of the spatial components can now be associated with
3K uv from which we can deduce the he small 7 behavior for the components of 2K, which we evolve

3K’I"l‘ = dq = QKrr - SQATFrana + szA’r‘A’r’X
3Krp = ridy = —s2Fon® + 524,

3K,, = rds = 2K,, — sQA(TFz)ana + 524, A, x
K., = dy = 2K,,—82A,F,,n%+s?A,A,x
K. = r2dg = s2F.on® + s2A,x

3Ky, = ridi+rid; = s2x
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where the d; with 4 = 1...6 are independent, regular functions of ¢,r and z. Using these we find the small
r behavior to be
x =~ Co

2 ~
K, =~ C)

2 ~
Ko, ~r

2 ~
K., ~ Cs

where the C;’s are different from before, but are again independent of r but have ¢ and z dependance. In
addition, we note that the “extra” conditions agree with the earlier behavior we found. Raising indices, we
find finally

ZKTT ~ él

2K, =~ r

2Kzz ~ Cz.

The Initial Value Problem

Okay, we have to face up to the complexity of the IVP (initial value problem) in GR. Fortunately, we have
some things in our favor. Perhaps the most important is the observation that in our chosen coordinates
(p, z) the 2-metric hap is conformally flat. This becomes crucial in simplifying the usual York-Lichnerowicz
decomposition.

To begin our review of this decomposition, let us state that in this section, we will do things fairly
generally. We start by conformally transforming a general spatial metric, v;; of dimension n as follows (in
contrast with what we did before, 4, 7, k will run from 1 to n in this section)

Yig =P, Y =T

where all hatted quantities are in the conformally transformed manifold. The constant p is an integer which
we are free to specify. It would seem fairly obvious that in our particular problem, we should equate the
conformal factor with a? and we will do this eventually, but for the moment let’s keep things somewhat
general (so this can serve as a reminder for myself of the whole York procedure).

The Christoffel symbols now become with the conformal transformation

Il = I +p [070:log + 510; logy — 744,01 log ]
and the Ricci tensor can now be written using the usual formula
Rij = Rij + p(2 —n)V;V; logy) — pyi; ViVilog
+p*(n —2) [@, log YV log b — 4i;(V log¢)2]
from which we can get the Ricci scalar
VPR = R+2p(1 —n)V;Vilogt + p*(n — 2)(1 — n)(Vlog ¥)*.

Where again, in this section, we are using V; as the covariant derivative constructed from y;; and V; as
the covariant derivative constructed from the conformal metric 4;;. In the usual formulation, we look at the
trace free part of the extrinsic curvature i.e. we subtract off the trace and give it a new name:

1
Aij = Kij — ik

The momentum constraints N N '
V(K% —4"K) =S
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where S is the matter can now be written in terms of the symmetric and trace-free quantity A;;:

;4 = 1

YiV,K + S

The burning question is how does the extrinsic curvature transform under the conformal transformation and
by extension, how then do the constraints transform? The whole idea is one of simplification. We perform
the conformal transformation in order that we can somehow simplify the constraints so that they are easier
to solve. To this end, allow the extrinsic curvature to transform as

K — wq[}'ij

where ¢ is another constant integer which we can choose and where one should note the upper indices (for
some reason, working with the upper indices seems fairly standard). Using this, the fact that the trace of
K;; transforms as

K = K;i = K

and that A% had better transform the same as does K%/, we can rewrite the momentum constraints as

~n—1

\ [flijz/;q“’("“)] Pa+P(nt2) 51 [(2p + @)K Vjlogy + VK| + P2 gi,

n

The easiest way to get this is simply to write out the constraints in terms of the tansformed quantities
and transformed Christoffel symbols. A simple choice for the transformation properties of K% is that the
covariant derivative be an invariant. In that case, we choose ¢ = —p(n + 2). This is what we will do.
(Another possible choice [that Evans uses] is that ¢r(K) be a conformal invariant. For that, we would have
q=—-2p.) . o o

Now, to solve the momentum constraints we decompose A% into transverse, A7, and longitudinal, A7,
parts where by definition o

VAY =0.

Both parts are separately traceless and symmetric. We can further introduce a “vector potential” W* for
the longitudinal part

oy e U 2 .4
AY = ViWI 4+ ViIwt — E“”ka’“

Note that now we can write the conformally transformed covariant derivative of the conformally transformed
trace-free part of the extrinsic curvature as (how’s that for a mouthful?)

A me A a D
VAT = VW7 + V,VIW' — E”Jvivkwk
A A —2 a
=V, VWi + RI,W* + "T&’Jvivkwk
Putting all of this together gives us the momentum constraints as a vector elliptic equation for W*

A A L , -2 .. A -1 .. A A ~ A .
ViVIW 4 R WT 4+ S 2500,V W = T [—pnk Vjlogy + VK] +grt2si,

Note the simplification that results when the maximal slicing condition, K = 0, is used. Further simplification
occurs when the spatial metric is 2 dimensional.
The Hamiltonian constraint is somewhat simpler fortunately. It is

R+ K? - K;; K = 2py
Substituting in for our various quantities, we get
2p(n — 1)V;Vilogy + p*(n — 1)(n — 2)(Viegy)? = R + nT_1¢2(q+3p)K'2
— A AUy 2% py.
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This is the general York scheme generalized to n dimensions. As it must, it reproduces the usual results for
n =3.

Now, however, let’s consider n = 2 and our 2-metric is now h4p and is conformally flat by our choice of
coordinates. We had originally thought that we would choose K = 0. This corresponds to maximal slicing
in the 2-manifold but something akin to what we’ll call “axial” slicing in the 3-manifold since the usual

extrinsic curvature now satisfies
O =g + (3)K<p<ﬂ

- (3)K<p<p

This is in analogy to polar slicing where K = K,”. However, some testing of this slicing condition in
spherical symmetry show that the resulting elliptic equation and boundary conditions may well be an ill-
posed problem. The easiest way to see that is that the resulting differential operator in axial slicing becomes
essentially a 2-d Laplacian rather than a 3-d Laplacian as in maximal slicing. This has a logarithm in its
Green function which we should consider as its fundamental solution. What we want, though, is a solution
to the lapse equation which should be asymptotically flat. Trying to impose such a boundary condition
results in an ill-posed problem. So, we must choose a different slicing condition, and the most natural (or
traditional) is thus maximal slicing.

With our conformally transformed 2-metric (which is flat) and our choice of cartesian coordinates (p, z),
we have the following simplifications, namely that R= 0, f‘fj =0, V; = 8;. Our above equations then reduce
to

A oas PPN 1 N P
ViVilogyp* = —p P K;; K9 — 2*Pppy + §¢_2PK2 — A j AUy
A oAk . . 1 .. A A PN
ViV = 87 4 240 [~KV;logy® + VK|
R = Ry + KV
After all of that, this will probably be maddening, but this is not quite what we will do. The problem
with the above is that in the usual formulation (i.e. n = 3), AZ = K/ is freely specifiable initial data (e.g.
let it be a gaussian). In n = 2, it is not. We have to find it from the constraints. But that is okay. We will
not decompose K% as we have done. Instead, let us consider the evolution equation for the metric (again in

n dimensions)
Ovvij = —2aK;; + VB + VB

from which we can get .
9 (logy?) = —aK + V8

where (this is a bit confusing) the quantity v (without indices) is the determinant of ;; and K (without
indices) is the trace of K;;. This can be derived by contracting on the first equation and using the identity
lat'}’ =77 8yvij
= s
~ J
Now, making a non-obvious combination of these (actually it’s the trace-free thing again), we can write
1 2 o 2 .
Orvij = —20(Kij — E’yin) + ViBi + V;Bi + E'Yij(_aK + ViB%) - ﬁ%’jvkﬁ
which, on rearrangement yields
1/n —1/n 1 2 k
v /"0y [7 'Vz'j] = —2a(Kij — i K) + Vi + Vifi — —7ij Vil

The point of all this is that the quantity in brackets is conformally invariant:

M Py = A7
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and will be a constant because of our choice of coordinates and since our conformal metric is flat. Thus
the time derivative and hence the left hand side above is zero. Note that this is exactly what Wilson and
Matthews do in their “conformal flatness approximation” scheme. There they assume that the conformal
metric is always flat (which they argue is good provided gravitational radiation is negligible) and solve a
simplified set of equations for the inspiral of two neutron stars. Here however (in 2 spatial dimensions), the
flatness of the conformal metric is ezact.

Let us now revert to our previous notation and work with our two dimensional metric hap. The basic
idea is to use the covariant derivative operators associated with the conformal metric h4p but not to use
other conformally transformed quantities. This may seem a bit mixed up, but it is effectively what is done
in the usual initial value formulation. One transforms to the conformal metric to simplify the equations
and then at the end of the day transforms back to the “physical” quantities associated with the physical
metric. If we can take advantage of the simplifications inherent in the conformal metric without transforming
everything to their conformal equivalents, why not?

In addition, it seems to me that by doing this, we get the added bonus (actually it is more by virtue
again of our 2 dimensional spatial metric) that there is no gravitational radiation in the initial data but
what we explicitly give. Note that earlier I made mention of the fact that in the York scheme, A7 = K7 is
freely specifiable initial data. One choice of initial data of course would be no initial gravitational radiation.
However, how does one specify that? A natural choice would seem to be flat initial data with 4;; = 0
and K'rf,? = 0, but it turns out that the conformal transformation back to the physical metric mixes the
components of the decomposition of K% such that the longitudinal part of it will pick up some radiative
parts and will still contain preexisting gravitational radiation. This does not seem to be true in our scheme
and it seems that if we want preexisting radiation or not we can say so simply by our conditions on the
radiative variables s, x,u and w.

Anyway, continuing on we will use maximal slicing in the 3-manifold, 2K = 0. The extrinsic curvature
is now be given by

KAB — %h/ABK-F i I:AABB + AB/BA _ hABAC,BC]
L. 4B Y P [AAnB _ ABaA _7ABA _aC
= Sh K+W[A 88 + ABgA _hABA ]

The momentum constraints, Ay K4% — ABK = SB, can now be written in terms of the shift vector
A A48 = 209?PSB + §4(log ayp—2P) {AA,BB +ABgA _ ﬁABACﬁC}
+ %(3ABK + KAPBlogy??)
where the “matter” part is

1 1
S =0BXx + EXaBS — EKBC(acs + %6310 + 81Gjp

Again, we note that the covariant derivative operator Ay is built out of the conformal metric hgp. In
general, this metric will be our earlier version of h4p with the a? factors divided out. In the particular case
of cylindrical or spherical polar coordinates, the conformal metric will be

o = ((1) b(f1)2)

with b(z') = 1 for cylindrical coordinates and b(z') = b(r) = r for spherical polar coordinates.
The Hamiltonian constraint is now

AA* log g™ = —2pp ™ — PP K \p K*P

where

1 =2 /. N N .
KAB _ §hABK+ ¢2a (AAﬂB +ABgA _hABACﬁC)
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and the slicing condition becomes
A A% = —(log s), ac,* + aap®? {(K+x)>—n“(K+X),a}

2p
1
AAAAS—AAAA10g¢2P ws u? — 871G Y*P(p — 82TW)

The Equations to be Differenced (Finally)

The following are now the axisymmetric Einstein equations coupled to a general matter field that obeys the
conditions we stated earlier. There are four evolution equations for the two radiative parts of the metric,
two (complex) evolution equations for the complex scalar field and four constraint equations determining the
kinematic variables. The slicing equation for the lapse is written suggestively for the imposition of maximal
slicing, though in principle, a different slicing could be used.

$— ﬁA(?As = —asy
1 - ~
— BA0ax = ——5Aa(aA%s) + ax(K +x)

Q99 A AA _ 1o
2(1284(au AqwA%w) — 87rG < 23 T)

w — ﬂAaAw = —au

3
L BA —_ S A (EA4 _
U — B70su = a2AA<s3A w)+au(K 3x)

AaAA(loga®) = ——AAAAS -— [AA,BB App* + hpcAaB® A*BC — (AA/BA)Z)]
)
+ % K(K +4x) — 2—84(AAwAAw + a*u?) — 167Ga*T),,n"n”

PN N 1 ~ o ~ ~ ~ ~
A A48B = asAP [E(K + x)] 1A, (1og Q) {AAﬁB +ABgA _ hABACﬁC}
+ aAPyx + 3axAP (log s) + %ABw — 167GaTysn"h*P
AsA%a = ad® {(K +X)? = n*(K + X).a} — aA 1A loga?

AAAAS — —AAsAAa - % uw? — 87Gaa’ ( Tyun#n” — 3 (4)T)

244
where these have to be supplemented by equations of motion for the matter. Note that we could have also
written pg = Tun*n” and jB = —T,an’hAB using our earlier definitions.

Let’s now consider the particular example of a nonlinear sigma model. The action for the complete

theory is then given by
IV£I” ,
5= [ oV { g~ g -V}

The corresponding equations are now
s — ﬁABAs = —asy
1 . o
— Bloax = ——3Aa(aA"s) + ax(K +x)
a 2,2 A AA
+ W(a u’ — A qwA%w) — 8nGaV
— BA0w = —au

) 3. fan
i — BA0u = —FAA (8—3AAw) + au(K — 3x)
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f—pA0af = —aF

F — BA04F = —éAA (asAAf) +aF (K + x)
2k f*

T A=)

(@2F? — AufAAf) + a(l - m|f|2)2§—;
a
202
+ﬁK(K+4 )_L(A Adw + 2 2
7 X 951 AWACw + ua

a?|F|?> + ApfAAf*
- 167G +a’V
{ (1 = &lf?)?

PO 2. 4 o o A o o o
A A% (loga?) = —EAAAAS - [AA,BB App* + hpcAapP A4BY — (AAﬁA)z]

AA488 = asAP Lk 4] + AL (105 -25) {487 + APgA — AP A
s sa?

. N . FAB * F*AB
+ aABx 4+ 3axAB (log s) + %ABw + 167Ga { (1f_ /:-|f|2)2 f}

AsA%a = ad® {(K + x)* = n*(K + X).o} — aAsA% loga?

200« =« 1. & aa? AsfAAf* 3
— A A — ZA A — — 2 —1 i ST R
S D4 s . A8Aa 2S4u 67TGa{(1—m|f|2)2 +2a

where the derivative operator A 4 is built out of h Ap = diag (1, b(xl)), K is the extrinsic curvature of the
2-manifold, |V f|> = V,fVef*, the indices A and B run over 1 and 2, and the indices a and b run over 0, 1,
and 2.

We now take these equations and impose maximal slicing: *K = K + x = 0 and use cylindrical
coordinates b = 1. The resulting equations are

5—ps,—[B%s, = —asx
. 1
X = BXp = BXe = ——5 [(as,) o+ (as,2) 2] + 557 (" —w,” —w.?) — 8rGaV
sa? 2a%s*
w—pPw, - ffw, =—au
3
. s o e
o —fPu,— Bu, = —=3 [(S—,o,w,p) . + (s—3w,z)7z] — 4dauy

f=Bfp—Bf.=—aF

F- B°F,—B°F, = _é [(asf,p).,p + (asf),:]

2k f* ov
+ W(GQFQ — [ = 1) +a(l- "5|f|2)23—f*
2 a? 3
(IOg az),pp + (IOg a2),zz = _g(s,pp + S,zz) - ﬁ [(ﬂp,p - ﬂz,z)2 + (ﬂz,p + ﬂp,z)2] - 5012}{2
1 2 2 2 2 (12|F|2+|fp|2+|fz|2 2
[ 2 _ 1 ) )
284(11)’,, +w.* +u’a®) — 167G A= x|/ +a’V

p - @ P _ 3% el z p
Pop 8 x = (108 337) (8= 5720+ (108 g ) (57, +.2)
Ff*7p+F*f7p

s au
3ax=f + — 167G
tax, toex s W, + b (1—&|f|?)?
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ootz = (lom ) (B +8°) + (log 57) (5= 8.)

¥

au Ff*.+F*f,
M, +167Ga—L 2T 1z
e FE HE
2a
@pp+az. = —af(loga®) p, + (loga?) ..] - ?(s,pp +5,22)
1 aa® , |fl? + 1f2l
— =(s,pap+ 8.a,) — —u® — 167 Ga{’p7+— v
S(,P P 2 72) 9254 ( |f|)

Knowing that as p — 0, we have s ~ P~ p,u ~ p* and w ~ p*, we can now use regularized
g p — 0, p, B* ~ p, o, p g

variables via the substitutions: s = p5, 8 = p 3°, u = p*u, and w = p*w. However at the risk of a great
deal of confusion, I will NOT explicitly write out all the barred quantities. So all the s, 8,4 and w’s in the
following should be considered barred. Sorry for the confusion, but it’s easier for me at this point.

§—pBPs,,— s, =—asx+[(°s

X = X = F7X,e = =5 [(@5,) 5 + (05,0),:] ~ ps%ﬂ(asz),p
P

" 2a%s*

w— pffw, — ffw,, = —ou+ 48w

. s$3[1 7« a
U= pffu, — fru, = T a? |:; (S_3pw’p) p * (S_3w’z) z:|

dw + pw ,)? + (pw,)? — p*a’u?] — 8nGaV
7p b

-2 (%) - tau+ 4
f oSy~ Bf. = —aF
F = pF, = BF, = 5 (0sf,) , + (03], 1= =5,
+ et (@~ £, = £.7) + ol = sl
1080)y + (08) = =2 s+ 2,4 5] = 5 (10890 = 67 7 + (5 + 57 7]
=Syt = 2 [t )+ ()P + (pua)?]
R LR A S

2 a a 1
Boot o0t o= (108 50) (08407 =07 2) + (108 150) (087 +67.)

1
p ,
p12 (0B° ,+ B° — B7..) + %ax,p + 3ay <pi2 4 *;_;))
+ 57 P (4w + pu,) + 167Ga L W

i) » - %] (B +pB°2) + (log %)’z (5% — (p8°) )

a’s
Ff*.+F"f
B C+1 2 .2 2
+ ay, +3ax + 4pw, + 167Gaa (1= rlfT)?

8o+ 5,22 = | (g
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1 2
Q,pp + ;a,p T Oz =—— |Spp T ;S,p + S,ZZ] -« [(log a2),pp + (log az),ZZ]

aa” 5 4 1 \fol? +1f:” 3 5
- —Fup — E(s’pa,p + s,za,z) - 167TGCM{W + §a \%4
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